SPHERICAL FUNCTIONS: 
THE SPHERES VS. THE PROJECTIVE SPACES 



J. TIRAO AND I. ZURRIAN 

Abstract. In this paper we establish a close relationship between the 
spherical functions of the n-dimensional sphere S n ~ SO(n + l)/SO(n) 
and the spherical functions of the n-dimensional real projective space 
P n (R) ~ SO(n+ l)/0(n). In fact, for n odd a function on SO(n+ 1) is 
an irreducible spherical function of some type ir G SO(n) if and only if 
it is an irreducible spherical function of some type 7 £ O(n). When n is 
even this is also true for certain types, and in the other cases we exhibit a 
clear correspondence between the irreducible spherical functions of both 
pairs (SO(n+ l),SO(n)) and (SO(n + l),0(n)). Summarizing, to find 
all spherical functions of one pair is equivalent to do so for the other 
pair. 



1. Introduction. 

The theory of spherical functions dates back to the classical papers of 
E. Cartan and H. Weyl; they showed that spherical harmonics arise in a 
natural way from the study of functions on the n-dimensional sphere S n = 
SO(n + 1) /SO(n). The first general results in this direction were obtained in 
1950 by Gelfand who considered zonal spherical functions of a Riemannian 
symmetric space G/K. 

The general theory of scalar valued spherical functions of arbitrary type, 
associated to a pair (G, K) with G a locally compact group and K a compact 
subgroup, goes back to Godement and Harish-Chandra. Later, in [Tir77j the 
attention was focused on the underlying matrix valued spherical functions 
defined as solutions of an integral equation, see Definition II. 11 These two 
notions are related by the operation of taking traces. 

A first thorough study of irreducible spherical functions of any iT-type was 
accomplished in the seminal work of the complex projective plane P 2 (C) = 
SU(3)/U(2) in [GPT02] . This study was generalized to the complex projec- 
tive space P n (C), see [PT12| . 

Let us remember the definition of spherical function: 
Let G be a locally compact unimodular group and let K be a compact 
subgroup of G. Let K denote the set of all equivalence classes of complex 
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finite dimensional irreducible representations of K; for each 5 £ K, let 
denote the character of 5, d(5) the degree of 5, i.e. the dimension of any 
representation in the class 5, and xs = d(5)£s- We shall choose once and for 
all the Haar measure dk on K normalized by j K dk = 1 . 
We shall denote by V a finite dimensional vector space over the field C of 
complex numbers and by End(V) the space of all linear transformations of 
V into V . Whenever we refer to a topology on such a vector space we shall 
be talking about the unique Hausdorff linear topology on it. 

Definition 1.1. A spherical function $ on G of type 5 6 K is a continuous 
function on G with values in End(V) such that 

i) <3?(e) = / (1= identity transformation). 

ii) &(x)<f>(y) = j K x&{k~ 1 )${xky)dk, for all x,y G G. 

The reader can find a number of general results in [Tir77] and [GV88 . 

It is known that the compact connected symmetric spaces of rank one are 
of the form X ~ G/K, where G and K are as follows: 



i) 


G = 


SO(n + l), 


K = 


SO(n), 


X 


= s n . 


ii) 


G = 


SO(n + l), 


K = 


O(n), 


X 


= P n (R). 


iii) 


G = 


SU(n + l), 


K = 


S(U(n) x U(l)), 


X 


= P n (C). 


iv) 


G = 


Sp(n + 1), 


K = 


Sp(n) x Sp(l), 


X 


= P n (M). 


v) 


G = 


^4(-52) , 


K = 


Spin(9), 


X 


= P 2 (Cay) 



The zonal (i.e. of trivial -ff-type) spherical functions on X ~ G/K are 
the eigenfunctions of the Laplace-Beltrami operator that only depend on 
the distance d(x,o), x £ X, where o is the origin of X. In each case we 
call them (po,tpi,tp2, . . . , with ipo = 1, and let (Pj(9) be the corresponding 
function induced on [0,L] by ipj, where L is the diameter of X. These 
functions turn out to be Jacobi polynomials 

ip*(6) = c j P^ ) (cos\0), 

with Cj defined by the condition (fj(0) = 1 and A, a and f3 depending on the 
pair (G,K). By renormalization of the distance we can assume A = 1 and 
L = 7r, (cf. [Hel62[ p. 171]). Now we quote the following list from |Koo73l 



p. 239] 
















i) 


G/K~ 


S n : 


a 


= (n 


- 2)/2, 


P = 


(n-2)/2 


ii) 


G/K~ 


P n (R) : 


a 


= (n 


- 2)/2, 


(3 = 


-1/2. 


iii) 


G/K ~ 


P n (C) : 


a 


= n - 


-1, 


P = 


0. 


iv) 


G/K~ 


P n (W) : 


a 


= 2n 


-1, 


P = 


1. 


v) 


G/K~ 


P 2 (Cay) : 


a 


= 7, 




P = 


3. 



Therefore, at first sight, the zonal spherical functions on the sphere and 
on the real projective space seem to be two completely different families (to 
clarify this point see the Appendix). But we prove in this paper that to 
know all the spherical functions associated to the n-dimensional sphere is 
equivalent to know them for the n-dimensional real projective space. Pre- 
cisely, we state a direct relation between matrix valued spherical functions 
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of the pair (SO(n + l),SO(n)) and of the pair (SO(n + l),0(n)). In first 
place we prove that, for n even the spherical functions of the sphere and the 
spherical functions of the real projective space are the same, i.e., a function 
$ on SO(n + 1) is an irreducible spherical function of type ir G SO(ra) if and 
only if there exists 7 G O(n) such that the function $ is a spherical function 
of type 7. When n is odd there are some particular cases in which one has 
the same situation as when n is even, and we show that these cases are 
easily distinguished by looking at the highest weight of the corresponding 
SO(ra)-types. For the generic cases we show how every irreducible spheri- 
cal function of the projective space is explicitly related with two spherical 
functions of the sphere, see Theorem 13.31 

An immediate consequence of this paper is obtained by combining it with 
[PTZ12] . where all irreducible spherical functions of the pair (SO(4), SO(3)) 
are studied and exhibited. Therefore, by applying Theorem l3.1l we also know 
all spherical functions of the pair (SO(4), 0(3)), which as functions on S0(4) 
are the same as those of the pair (S0(4), S0(3)). 



Spherical functions of type 5 G K arise in a natural way upon considering 
representations of G. If 5 1 — >- r(g) is a continuous representation of G, say 
on a finite dimensional vector space E, then 



is a projection of E onto P$E = E(8). The function : G — > End(i?(<5)) 
defined by 

$(g)a = P 5 T{g)a, g G G, a G E(S), 
is a spherical function of type 5. In fact, if a G E{8) we have 



If the representation g 1— > r(g) is irreducible then the spherical function 
$ is also irreducible. Conversely, any irreducible spherical function on a 
compact group G arises in this way from a finite dimensional irreducible 
representation of G. 

Now we recall how one obtains the irreducible finite dimensional repre- 
sentations of 0(n) from the irreducible finite dimensional representations of 
SO(n). Let us take o G 0(n) depending on n: 



2. Representations. 





a = diag(l,l,... ,-1), 
a = diag(-l,-l,... , -1) 



if n is even 



if n is odd. 
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And let 4> be the automorphism of SO(n) defined by 

(f)(k) = aka, 

for all k G SO(n). Notice that when n is odd 4> is trivial and O(n) = 
SO(ra) x F, where F = {l,a}. Therefore in this case the irreducible finite 
dimensional representations of 0(n) are of the form 7 = 7r 1 or 7 = 7r (g> e 
where 7r is an irreducible finite dimensional representation of SO(n) and e is 
the nontrivial character of F. Thus we have the following theorem. 

Theorem 2.1. // n is odd O(n) = SO(ra) x F, and SO(n) x F can be 
identified with the unitary dual of 0(n), under the bijection ([tt], 1) 1— > [7r® 1] 
and ([ir], e) 1— > [tt ® e] . 

If n is even we have O(n) = SO(n) x i 7 . Let us denote by V n the vector 
space associated to tt G SO(n), then set V^-, = and let 7r^ : SO(ra) — )• 
End(K- ) be the irreducible representation of SO(n) given by 

7T0 = 7T O 0. 

In this situation we shall consider two cases: tt^ ~ tt in Subsection 12.11 and 
7T0 00 tt in Subsection 12.21 . 

2.1. When 71^ is equivalent to tt. 

Take yl G GL(F) such that ^(/c) = ^(/c)^- 1 for all G SO(n). Then 

tt(A;) = Tr{a{aka)a) = ir^aka) = ATr(aka)A~ l = An^tyA' 1 = A 2 Tr(k)A~ 2 . 

Therefore, by Schur's Lemma, we have A 2 = XF By changing A by V A -1 A 
we may assume that A 2 = 1. Let £a be the representation of F defined by 

e A (a) = A. 

Now we define 7 = tt ■ €a ■ O(n) — > GL(V) by 
(1) j(kx) = Tr(k)eA(x), 

and it is easy to verify that 7 is an irreducible representation of O(n). More- 
over, if B is another solution of TT^,{k) = Bir(k)B^ 1 for all k G SO(n), and 
B 2 = I, then B = ±A. In fact, by Schur's Lemma, B = \iA and // 2 = 1. 
In the set of all such pairs (tt, A) we introduce the equivalence relation 
(tt, A) ~ (TttT -1 ,T AT~ l ), where T is any bijective linear map from V onto 
another vector space, and set [tt, A] for the equivalence class of (tt,A). 

Proposition 2.2. When n is even 0(n) = SO(n) x F. Let us assume that 
TTff, ~ tt. If 7 = tt ■ €a, then 7 is an irreducible representation of 0(n). 
Moreover, 7' = tt ■ e~A, is another irreducible representation of 0(n) not 
equivalent to 7. Besides, the set {[tt,A] : TT^k) = ATr(k)A~ 1 , A 2 = 1} can 
be included in 0(n) via the map [tt,A] i— > [tt ■ e A \- 

Proof. The only thing that we really need to prove is that 7' 00 7. In fact, if 
7' = T^fT^ 1 for some T G GL(V), then, since 7| SO ( n ) = 7|so(n) = 11 1 Schur's 
Lemma implies that T = XL Hence —A = 7' (a) = Tj(a)T^ 1 = 7(a) = A is 
a contradiction. □ 
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2.2. When ir^ is not equivalent to tt. 

Assume that n is even and that tt^ oo tt. Let us consider the SO(n)-module 
V w x V n and define 

(2) i(k)(v,w) = (Tr(k)v,ir</>(k)w), i(ka)(v,w) = (ir(k)w,ir</>(k)v), 

for all E SO(n) and v,w £ V n . Then it is easy to verify that 7 : 0(n) — )• 
GL(V r 7r x 14) is a representation of 0(n). 

Proposition 2.3. Assume that n is even and tt E SO(n), i/ien O(n) = 
SO(n) x F. Moreover, if it $00 tt we define 7 : SO(n) xF-> GL(V r 7r x V^) as 
in ([2]), then'j is an irreducible representation ofO(n). Alsoj' : SO(n)xF — > 
GL(V n x V n ) defined by 

7'(A;)(f,w) = {4>{k)v,kw), 7 \ka)(v,w) = {<fi(k)w,kv), 

for all k E SO(n) and v,w £ V^, is an irreducible representation of O(n), 
6ut it is equivalent to 7. Besides, the set {{[71"], [vr^]} : [7r] E SO(n)} can 6e 
included in O(n) via iae map {[vr], [vr^]} 1— >• [7]. 

Proof. Let us prove that 7 is irreducible. Then V w x V w ^ V w (B V n(p as 
SO(n)-modules defined by 7. If X = W\ ffi W2 and correspondingly 
7 = 71 © 72 as 0(n)-modules, then we may assume that W\ ~ V n and 
W2 ~ V^-, as SO(n)-modules. But ji(aka) = 71(0)71(^)71(0) implies that 
71^ ~ tt, contradiction. Thus 7 is irreducible. 

Finally it is easy to check that the transposition map s : l^xl^ - )■ V n xV n 
defined by s(v,w) = (w,v) is an intertwing operator between 7 and 7'. □ 

Theorem 2.4. Assume that n is even. We split O(n) into two disjoint sets: 
(a) {[7] : 7|so(n) irreducible} and (b) {[7] : 7| S o(n) reducible}. 

(a) If [7] is in the first set and tt = 7|so(n)> then 

ft<f>{k) = ir(aka) = 7(0/00) = 7(0)^(^)7(0), 

for all k E SO(n). Therefore ir^ ~ tt and 7 is equivalent to the 
representation tt ■ ca constructed from tt and A = 7(0) in ([1]). 

(b) If [7] is in the second set, let W be the representation space of'j. let 
V-x < W be an irreducible SO(n)-module. Then W = V n ffi V^, as 
SO (n) -modules, and 7 is equivalent to the representation 7' defined 
on K x V w by ©. 

Proof. The first assertion does not need to be proved. So, let us assume 
that [7] is in the second set. Let us first check that 7(0)^- is a SO(n)- 
module: if v € and k E SO(n), then j(k)'j(a)v = j(a)'j(aka)v E 7(a)K-. 
Thus V n n j(a)V n and + j(a)V n are 0(n)-modules, because they are 
SO(n)-modules stable under 7(0). Therefore, by irreducibility we have W = 
V n © 7(0)14. Since , y(k)'y(a)v = 7(0)^(^)7; we obtain that 7| 7 (a)K ~ tt</h 
then we have 7 = tt © tt^ and W = V n © V^, . 



6 J. TIRAO AND I. ZURRIAN 

If 7T0 and 7r are equivalent, then there exits A G GL(V n ) such that ir^k) = 
ATr(k)A~ 1 . Let us now consider the linear space {(v,^/(a)Av)} ^ W, and 
prove that it is an 0(n)-module, which is a contradiction: 

7(fc)(f , 7(a)Au) = (kv,^f(k)^(a)Av) = (kv,^f(a)7r^(k)Av) = (kv,j(a)Akv) 

and 7(a)(u, ^{a)Av) = (Av, r y(a)AAv). Therefore tt^ oo it. Finally, let us 
check that the representation 7' given by ([2]) is equivalent to 7: Let T : 
Vjr X V n — y V n © 7(a) V^r be the linear map defined by T(v, w) = v + 7(0)10, 
then 

Tj (k)(v, w) = ir(k)v + 'y(a)'ir l f ) (k)w = n(k)v + 7(^)7(0)10 = j(k)T(v, w), 
Tj'(a)(v, w) = T(w, v) = w + 7(0)?; = 7(a) (i; + 7(0)10) = j(a)T(v, w). 

□ 

2.3. The highest weights of 7r and 71^. 

When n is even it would be very useful to know when tt 6 SO(n) is 
equivalent to tt^. In that direction we prove a very simple criterion in terms 
of the highest weight of n. 

For a given £ 6 N, we know from [VK92] that the highest weight of an irre- 
ducible representation it of SO(2£) is of the form = (mi, m-i, m.3, • • • , m^) 
6 Z £ , with 

mi > m 2 > m.3 > • • • > m£_i > |m^|. 

Theorem 2.5. If m n = (mi, m 2 , m3, . . . , m^) is £fte highest weight of tt £ 
SO(2£) then = (1111,1712,1713, . . . , —m^) is the highest weight of tt^. 

The matrices /jy, 1 < i < k < 21, with —1 in the place (k,i), 1 in the 
place (i, k) and everywhere else zero, form a basis of the Lie algebra so(2£). 
The linear span 

= (-^21)^43, • • • , ^2£,2£-l) c 

is a Cartan subalgebra of so{2£, C). 
Now consider 

F = i(»i/ 2 H h x e I 2 e ; 2e-i) e f), 

and let e, G f)* be defined by ej(-ff) = Xj, 1 < j < Then for 1 < j < k < £, 
the following matrices are root vectors of so(2£, C): 

Xej+e k = ^2fe-l,2i-l ~ -^2fe,2j ~ i(hk-l,2j + hk,2j-l), 

X- 6j -e k = hk-l,2j-l — hk,2j + i(hk-l,2j + l2k,2j-l), 

X ej -e k = hk-l,2j-l + hk,2j ~ «(-^2fe-l,2j ~ ^2fe,2j'-l)> 

-^-Ej+efc = ^2fc-l,2j-l + ^2fc,2j + i{l2k-l,2j ~ hk,2j-l)- 

We choose the following set of positive roots 

A+ = {ej + e k ,ej — e k : I < j < k < £} 

having so 

m w = miei + m 2 e 2 + . . . + m^. 
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Proof of Theorem \2.5[ First we prove that the highest weight vector v n of 
the representation tt is also a highest weight vector of tt^: 

For every root vector X ej ± ek with 1 < j < k < £ we have that Ad(a)X ej ± tk 
= X e .± €k . And, when k = £ we have that Ad(a)X ej ± €( = X ejTek . Hence, if 
we denote by tt and rr^, the representations of the complexification of so (2£) 
corresponding to tt and tt^, respectively, we have tt o Ad(a) = 7r^ and thus 

■k 4 ,{X ej±ek )v 1T = n(Ad(a)X ej ± ek )v w = Tr(X ej±ek )v w = 0, 

for 1 < j < k < I. When k = £ we have 

^4 ) {X ej±ei )v 1T = ■k(Ad(a)X ej±ei )v^ = 7r(X ejl z e Jv w = 0. 

Therefore v n is a highest weight vector of n^. 

Notice that Ad(a)i2j,2j— l = l2j,2j-i f° r 1 < J < ^ and that Ad(a)i2£,2£-i 
= -he,2£-i, then 

n<f,(il2j,2j-i)v n = n{Ad(a)il2j,2j-i)vn = n(il2j,2j-i)v„ = rrijV^, 

for 1 < j < £. When k = £ we have 

?i>(^2£,2£-i)«7r = 7r(Ad(a)i/ 2 <?,2<?-i)v7r = -^{ihi,2i-\)v-K = -m e v w . 

Hence the highest weight of 7t<a is 

m = (mi,m 2 , . . . ,mg-u -mg). 

□ 

Corollary 2.6. An irreducible representation tt of SO(2£), £ € N, of highest 
weight m = (mi,m2, • • • , m^) is equivalent to tt^ if and only if mg = 0. 

3. Spherical Functions 

Let (V t ,t) be a unitary irreducible representation of G = SO(n + 1) and 
(K-,vr) a unitary irreducible representation of SO(n). 

Let us assume that n is odd. Then O(n) = SO(n) x F and the irreducible 
unitary representations of O(n) are of the form 7 = 7r©lor7 = 7r©e. 
Suppose that tt is a sub-representation of T] SQ . . . Let us observe that a G 
O(n) as an element of G becomes —I £ G. Clearly t(— J) = ±7. Take 
7 = 7r © 1 if t{—I) = I and 7 = 7r © e if r(— J) = —I. Then 7 is a sub- 
representation of T| . . Let <& T,7r and <I> T ' 7 be, respectively, the corresponding 
spherical functions of [G, SO(n)) and (G, O(n)). 

Theorem 3.1. Assume that n is odd. If Q T,1T {—I) = tofee 7 = 7r© 1, and 
j/ $^(-1) = -I, take 7 = vr <g> e. T/ien $ T ' 7r (5) = $ T ' 7 (3) /or a// 5 e G. 

Proof. As SO(n)-modules V T = V n © V^ 1 . But since r(a) = r(— J) = ±1 
the decomposition V^- = ffi V,, 1 is also an 0(n)-decomposition. Hence, 
the SO(n)-projection P n onto V w is equal to the 0(n)-projection P 7 onto 
V v . Therefore $ T ' n (g) = P 7r r( 5 )P 7r = P 1 r{g)P 1 = $ r ' 7 (s), completing the 
proof. □ 
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Let us assume now that n is even, then O(n) = SO(n) x F. Suppose that 
7r G SO(n) and that it ~ 71^. Then 7 = 7r • e^, where j4 G GL(V r 7r ) is such 
that 7r^ = AnA^ 1 , A 2 = I, is an irreducible representation of O(n) in 
as we have seen in Proposition 12.11 Now we use this result to obtain the 
following Theorem. 

Theorem 3.2. Assume that n is even. Let a = diag(l, 1, . . . , —1) G O(n) 
be identified with a = diag(l, 1, . . . , —1, —1) G SO(n + 1). Suppose that ir is 
a sub-representation °/ r | SO{n) an d that ir ~ tt^. Set A = & T ' n (a), and take 
7 = TT-e A - Then <$ T '*{g) = $ r ' 7 (c/) for all g£G. 

Proof. The first thing we have to prove is that A G GL(V^-), tt^ = AttA" 1 
and A 2 = I. This last property follows directly from a 2 = e. 
For all k G SO(n) we have 

(4) ir^(k) = ir(aka) = T(aka)\ V7T = r(a)r(fe)r(a)|y T . 

Therefore r(a)V n is a SO(n)-module equivalent to tt^. Since tt^ ~ ir, and by 
the multiplicity one property of the pair (SO(n + 1), SO(ra)), we obtain that 
V n = t{o)V 1t . Therefore A = r(a)\y 7T G GL(y 7r ) and tt^ = A-kA^ 1 . Hence 
V-n is an O(n) submodule of V T and the corresponding representation is 
7 = tt-€a- This implies that the SO(ra)-projection P n onto V n is equal to the 
0(ra)-projection P 7 onto V n . Therefore & T,n (g) = P n T(g)P 7T = P ry r(g)P^ = 
$ r ' 7 (<7). Finally we observe that <J> T,7r (a) = P n T(a)P n = r(a)iy 7r , completing 
the proof. □ 

Let us assume that n is even, and take tt G SO(ra) such that it 00 
7T0. Let us consider the SO(n)-module V n x and define ^y(k)(v,w) = 
(7r(k)v,Tr^{k)w), j(ka)(v,w) = (■K(k)w,7r ( p(k)v) for all k G SO(n), v G V n 
and w G V^,. Then 7 is an irreducible representation of O(n) in V n x . 

Theorem 3.3. Assume that n is even. Let a = diag(l, 1, . . . , —1) G 0(n) be 
identified with a = diag(l, 1, . . . , —1, —1) G SO(n + 1). Suppose that n is a 
sub-representation o/t| so ,. and that ir 00 -k^. Then T(a)V n ~ V n<t) as SO(n)- 
modules and V n © t{o)V- k is an irreducible O(n)- submodule ofV T equivalent 
to the irreducible representation jinV n x V^. constructed above. Moreover, 

for all g G G. 

Proof. That T(a)V w ~ V n . as SO(n)-modules follows from Also, if we 
make the identification x V n , ~ V n © t{o)V- k via the SO(n)-isomorphism 
(v,w) 1 y v + t(o)w, and using again that n^Q^w = T(a)T(k)T(a)w (see (|4|)), 
we have 

^(k)(v,w) = (-7r(k)v, 7r^(&;)u>) = (ir(k)v,T(a)T(k)T(a)w) 
~ ir(k)v + T(k)T(a)w = r(k)(v + r(a)w;) 
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for all k £ SO(n), and 

7(a)(f , w) = (w, v) ~ (w + r(a)v) = r(a)(v + T(a)w). 

This proves that © r(a)V n as an 0(n)-submodule of V T is equivalent to 
the irreducible representation 7 in V n x V^,. Therefore P 7 = P^ © P^, . 
Hence, for all g € G we have, 

^(g) = (P^®P^)r(g)(P 7T ®P^) 

= V*{g) + $ 21 ( 5 ) + $ 12 (g) + 

where $21(5) = Pn 4 , T (g)Pn and <&i2(#) = P-k t (9)P-k<{,- Thus in matrix form 
we have 

*ai (5) ^ (<?);' 

Prom the identity <£> T ' 7 (#a) = $ T '%Ma)| V7rffiT(a)V7r we get 

/<D^( 5 a) $ 12 ( 5 a) \ /<1> T >%) $12(5) \ /0 A 
\$2i(ga) <5> T ^(ga)) \* 2X {g) ^(g)j \I Oj ' 

which is equivalent to $12(5) = $ T ' n (ga) and $21(3) = ^^^(ga). The 
theorem is proved. □ 

4. Appendix 

The irreducible spherical functions of trivial if-type of (SO(n + l), SO(n)) 
and of (SO(n + l),0(n)) are, respectively, the zonal spherical functions of 
S n and P n (]R). According to our Theorems 13.11 and 13.21 the zonal spherical 
functions (j) of P ra (R), as functions on SO(n + 1), coincide with those zonal 
spherical functions 92 of S n such that f(—I) = 1. 

As we said in the Introduction the zonal spherical functions on the n- 
dimensional sphere and on the corresponding real projective space are, re- 
spectively, given by 

f n-2 n-2 \ l n-1 _1\ 

<p* j (9) = c j P} 2 ' 2 } (cos9), ( f>*(9) = e' j P} 2 ' 2 \cose), 

with Cj, c'j scalars such that (fj(0) = 1 = (/>j(0), and < 6 < n. 

In this appendix we explain this apparent inconsistency. To begin with, 
we notice that in both spaces the metric is chosen normalized by the diameter 
L = 7T. For a given g 6 SO(n + 1) we denote by 9(g) the distance in the 
sphere between g ■ o and the origin o, and analogously we denote by 9'(g) 
the distance in the projective space between g ■ o and the origin o. Thus, it 
is not difficult to see that 

29(g) = 9' (g), for < 9(g) < vr/2, 

2tt - 29(g) = 9'(g), for tt/2 < 6(g) < vr. 

Therefore we have that 




(5) 



cos(2%)) = cos(0'( 5 )), 
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for any g G SO(n + 1). In the other hand from [AAR00, (3.1.1)] we know 
that Jacobi polynomials satisfy 



[ ) 2k 1 ] ~ (2fc)!(a + l) fc k { j ' 

Then, if we put x = cos(9(g)) in ([6]) we obtain 

p<r>(cos(%)» = ( ^^; t ^- i/2, (cos(2 9(g ))). 

hence, using ([5]) we have that (f2j(0(g)) = cj)*(8'(g)) for all g G SO(n + l). In 
other words the following identity between zonal spherical functions holds: 
<P2j = 4»j a s functions on SO(n + 1) for all j > 0. 
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